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Abstract A westward propagating jet is investigated experimentally. The focus is on complex interaction
between anisotropic turbulence with inverse energy cascade and Rossby waves. The energy spectrum
is highly anisotropic. To diagnose turbulence characteristics, we explore the analogy between turbulent
overturns in stably stratiﬁed and quasi-geostrophic ﬂows and develop a novel method based upon the
monotonizing of potential vorticity (PV). The RMS displacement from the monotonic PV proﬁle yields a
length scale, LM , analogous to the Thorpe’s scale used in ﬂows with stable stratiﬁcation. As the Thorpe scale
is proportional to the Ozmidov scale, the scale LM is proportional to the scale L𝛽 at which the time scales
of turbulent overturns and Rossby waves are approximately equal. The relationship between LM and L𝛽 is
established here for the ﬁrst time. The method of PV monotonizing oﬀers a simple and powerful tool for
diagnosing geophysical and planetary macroturbulence.
1. Introduction
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Zonal jets play a paramount role in the dynamics of planetary atmospheres and oceans. While westerly
jets are typical of the Earth’s atmosphere, easterly jets, sometimes referred to as “striations” (this term can
be traced back to the experimental study by Aubert et al. [2002]) emanating from 𝛽 plumes [Davis et al.,
2014], are common in the oceans [Galperin et al., 2004]. Giant planets feature both easterly and westerly jets
[Sánchez-Lavega, 2011].
It is now well accepted that the Rossby wave elasticity [Baldwin et al., 2007] plays a prominent role in jets’
dynamics. Rossby waves conspire with quasi-two-dimensional (2-D) turbulence to produce fascinating
wave-turbulence jigsaw puzzles of ﬂow topologies [McIntyre, 2008]. Waves and turbulence coexist on all
scales so there is no true scale separation [McIntyre, 2008; Galperin et al., 2010]. This commingling of turbulence and waves characteristic of large-scale planetary circulations can be thought of as macroturbulence
[Held, 1999] in which “there is no turbulence without waves” [Dritschel and McIntyre, 2008; McIntyre, 2008;
Wood and McIntyre, 2010]. This study focuses on the other side of this conjecture, namely, that there are also
no waves without turbulence.
Since large-scale planetary circulations possess two integrals of motion in the inviscid limit, energy, and
potential vorticity, they may develop an inverse energy transfer [Charney, 1971], i.e., energy ﬂow from smaller
to larger scales where it is ultimately absorbed by a large-scale friction mechanism. This upscale transfer is
three-dimensional and its vertical component leads to ﬂow barotropization [e.g., Vallis, 2006]. The inverse
transfer may be facilitated by small-scale energy sources excluded from consideration if the focus is only
on the large-scale dynamics. In this case, the unresolved forcing can be represented by a Laplacian with a
negative ﬂow-dependent coeﬃcient which, in fact, is the negative viscosity. The equation of motion is then
stabilized by a biharmonic and, possibly, higher-order dissipative terms. Such representation resembles the
Kuramoto-Sivashinsky equation and has been coined stabilized negative viscosity (SNV) by Sukoriansky et al.
[1999] and Sukoriansky and Galperin [2005]. Furthermore, these authors emphasized that a system that possesses two inviscid integrals of motion must contain at least two terms in its subgrid-scale representation,
and so the SNV formulation is a consequence of the inverse energy cascade. Chekhlov et al. [1996] computed
the spectral eddy viscosity for 2-D turbulence on a 𝛽 plane and found that it also has the SNV structure albeit
with profound anisotropy.
The rate of the upscale turbulent energy cascade, 𝜖 , is crucial for the understanding and quantiﬁcation of
turbulent mixing. This is a nonlocal parameter as it measures the energy exchange between diﬀerent scales
and so it is a true characteristic of nonlinearity.
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One of the sources of turbulence is Rossby wave breaking which produces irreversible mixing on a variety of scales. Among its manifestations is the PV mixing. Recent studies elaborate close interplay between
the PV mixing, ensuing PV staircases and zonal jets [e.g., Marcus and Lee, 1998; Dritschel and McIntyre, 2008;
Dritschel and Scott, 2011; Marcus and Shetty, 2011].
Dritschel and McIntyre [2008] draw an analogy between the physics of the formation of PV staircases and
zonal jets in quasi-geostrophic ﬂows and the Phillips eﬀect in ﬂows with stable stratiﬁcation. The latter
refers to the vertical mixing of the background density gradient and formation of density steps and horizontal layers due to a large-scale stirring. Arguing that the observed layering is caused by a positive feedback
between the background buoyancy gradient and gravity wave elasticity, they suggest that a similar positive
feedback mechanism of jet formation is at work for the background PV gradient and Rossby wave elasticity.
Can these mechanisms be quantiﬁed in terms of the rates of the energy cascades? Thorpe [2005] notes that
“the vertical scale of the layered density structure … is approximately equal to the Ozmidov length scale of
the turbulence (i.e., LO = (𝜖∕N3 )1∕2 , 𝜖 and N being the rate of the viscous dissipation and the Brunt-Väisälä
frequency, respectively) at the time of its collapse.” Physically, LO is a scale at which the turbulent eddy
turnover time is equal to the period of internal gravity waves. The Ozmidov scale is close to another scale,
known as the Thorpe scale, LT , “over which more dense, heavier water is carried over lighter water by turbulent motion … LT can be estimated by use of a … ‘sorting algorithm’ that converts the observed proﬁle
into one in which density increases downwards everywhere” [Thorpe, 2005]. In other words, the sorting
algorithm is the density proﬁle monotonizing detailed in Thorpe [2005] and the Thorpe scale is the RMS
displacement from the monotonically increasing with depth density proﬁle. Numerous experiments and
observations indicate that LT is conﬁned in the range 0.25 LO ≲ LT ≲ 4 LO [Thorpe, 2005]. The determination
of LT , which is often quite straightforward, is thus practically equivalent to estimating LO and through it, 𝜖 .
The Thorpe scale has become a widely used tool for evaluating the rate of the viscous dissipation, 𝜖 , in stably stratiﬁed ﬂows in the ocean [e.g., Thorpe, 2005; Gargett and Garner, 2008, and references therein], free
atmosphere [e.g., Gavrilov et al., 2005; Clayson and Kantha, 2008; Kantha and Hocking, 2011], and computer
simulations [e.g., Klymak and Legg, 2010].
In quasi-geostrophic ﬂows with a small-scale forcing, the rate of the inverse energy cascade, 𝜖 , is overly
important but diﬃcult to estimate from the data [Vallis, 2006]. By exploring the similarities between
quasi-geostrophic and stably stratiﬁed ﬂows beyond the Phillips eﬀect, we propose to adapt the Thorpe’s
sorting algorithm to monotonize a PV proﬁle and produce an analogue of the Thorpe scale, denoted LM , that
could facilitate the evaluation of 𝜖 .
To utilize this proposition, we need to identify an analogue of LO in quasi-geostrophic turbulence. For the
Rossby waves, such a scale would be L𝛽 = (𝜖∕𝛽 3 )1∕5 , 𝛽 being the meridional gradient of the Coriolis parameter [Pelinovsky, 1978; Vallis and Maltrud, 1993; Chekhlov et al., 1996]. At this scale, the turbulence eddy
turnover time is approximately equal to a Rossby wave period. Processes on shorter scales are turbulence
dominated while waves prevail on longer scales.
Is there a relationship between L𝛽 and LM ? We address this key question in a series of laboratory experiments
with an easterly jet. Such jets are broad and known to be characterized by nearly homogeneous proﬁle of PV
in their cores. In some investigations, PV proﬁles are averaged and appear monotonic ab initio [e.g., Aubert
et al., 2002] thus rendering a zero LM yet westward jets on Jupiter and Saturn are turbulent and barotropically unstable [e.g., Ingersoll, 1990]. To reconcile these conﬂicting facts and evaluate the utility of LM , we
designed well-controlled experiments with an easterly jet using a rotating tank facility. A westerly jet will be
considered in a follow-up study.

2. Methods
We performed a series of laboratory experiments in a rotating tank (Ω = 3.0 rad s−1 ) of the radius R = 29.7 cm.
The mean water depth was 4 cm, the 𝛽 eﬀect was stipulated by the parabolic curvature of the free surface,
and the average value of 𝛽 was about 0.53 cm−1 s−1 (see Lacorata and Espa [2012] for more details). The
view of the experimental facility is shown in Figure 1. The small-scale forcing was generated by the electromagnetic force produced by running continuous electric current through a thin layer of saline solution
and placing small permanent magnets on the bottom of the tank. The counterclockwise rotation of the tank
emulated the Earth’s rotation. All magnets were mounted along an arc of 90◦ and the radius, a, of 17 cm. This
GALPERIN ET AL.
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Figure 1. Schematic representation of the experimental device. The magnets are placed in a 90◦ arc of the radius
a = 17 cm.

conﬁguration naturally subdivided the circle on four 90◦ sectors and allowed us to study areas with inhomogeneous forcing; see below. The magnets had the same orientation of polarity chosen such as to introduce
a westward momentum and facilitate the formation of a westward zonal jet. This jet can be likened to
a 𝛽 -plume. The stationary position of the magnets locked jet’s location. The electromagnetic force also
generated small-scale eddies whose scale, L𝜉 , was determined by magnets’ diameter and spacing, both
about 1 cm.
Velocities were measured by analyzing images of passively advected styrene particles with mean size of
about 5 × 10−5 m monitored by a video camera with a spatial resolution of 1023 × 1240 pixels at a frequency
of 20 Hz. The particles were seeded at a ﬂuid surface lit by two lateral lamps. To enhance the contrast, we
used white particles over a black bottom. Transparent lid of the tank insulated the working ﬂuid from the
ambient air. The camera was mounted perpendicularly to the tank and corotated along with the system and
the data recording computer. The acquired images were analyzed by a feature tracking algorithm [Lacorata
and Espa, 2012] that reconstructs particle trajectories from displacements between subsequent frames over
a ﬁxed time step of 0.05 s and produces instantaneous Lagrangian velocities. The time history of the Eulerian
velocity ﬁeld is then obtained by interpolating the sparse data over a regular grid. The cylindrical coordinate
grid employed in this study had N = 60 circles (radial resolution of about 0.5 cm) and M = 90 rays for each
of the four sectors (angular resolution of 1◦ ).

3. Results
Three experiments marked Experiments 29, 30, and 31 were performed. They only diﬀered by the strength
of the electric current, I, such that the forcing rate 𝜖 was the sole controlling parameter. Experimental setup
and results are summarized in Table 1. The Rossby radius, LD , was about 10.4 cm, larger than the span of the
jets for all experiments, and so the zonation was unimpeded by the ﬂow divergence [see, e.g., Okuno and
Masuda, 2003]. The potential vorticity in these experiments is given by
q = (𝜁 + 2Ω)∕H(r),

(1)

where 𝜁 is the vertical component of the relative vorticity. The local topographic 𝛽 was derived in Afanasyev
and Wells [2005].
Figure 2 shows examples of instantaneous and time-averaged ﬂow ﬁelds. While the former exhibits a meandering jet squeezed between westward propagating eddies, the latter reveals strong alternating zonal jets
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Table 1. Summary of the Experimental Setup and Results

Experiment
29
30
31

I

𝜖 × 104

(A)

(cm2 s−3 )

n

2
4
6

2.1
11.0
29.0

13
9
8

L𝛽

LtM

LsM

LM

𝜎M

CZ

(cm)

(cm)

(cm)

(cm)

(cm)

LM
L𝛽

0.2
0.2
0.2

0.3
0.4
0.45

1.7
1.9
2.1

1.3
1.7
2.0

1.3
1.7
1.9

0.6
0.6
0.7

4.8
4.6
4.2

and no eddies at all. These experimental features resemble ocean observations that highlight numerous
westward propagating eddies on relatively short time scales [Chelton et al., 2011]. Upon time averaging,
these eddies fuse into zonal jets [Davis et al., 2014]. Note that similarly to other experiments [e.g., Sommeria
et al., 1991; Aubert et al., 2002], the scales of the eddies and jets in our experiments exceed the forcing scales.
Spectral analysis of the experimental results was performed using the truncated Bessel-Fourier decomposition in a 90◦ sector,
f (r, 𝜙) =

(
)
r
Jm 𝛼mn
(amn sin 4m𝜙 + bmn cos 4m𝜙),
R
m=0 n=1
M N
∑
∑

(2)

where f (r, 𝜙) is an arbitrary well-behaving function, Jm is the Bessel function of the mth order, 𝛼mn is its nth
zero, and amn and bmn are the expansion coeﬃcients [Arfken et al., 2013]. With the azimuthal resolution of 1◦ ,
M is limited to 45.
To accommodate the spectral anisotropy due to a 𝛽 eﬀect, we deﬁne the zonal and residual spectra
as, respectively,
1 2 2( )
b J 𝛼 ,
2 0n 1 0n

(3)

M
1∑ 2
2
(a + b2mn )Jm+1
(𝛼mn ).
4 m=1 mn

(4)

EZ (n) ≡

ER (n) ≡

When a ﬂow approaches the regime of zonostrophic turbulence [Galperin et al., 2010, 2014], the
spectra become
(
)−5 −1
EZ (n) ≃ CZ 𝛽 2 𝛼0n ∕R
R ,

(5)

(
)−5∕3 −1
ER (n) ≃ CK 𝜖 2∕3 𝛼1n ∕R
R ,

(6)

where CZ ≃ 0.5, CK ≃ 6. The division by R in (5) and (6) is stipulated by n being an index and not a wave
number and so the spectra represent the energy per unit index. The zonal and residual spectra intersect
at a scale
L̂ 𝛽 ≡ R∕𝛼0n = (CK ∕CZ )3∕10 (𝛼0n ∕𝛼1n )1∕2 L𝛽

(7)

Figure 2. Samples of (left) instantaneous and (right) time-averaged velocities and stream functions.
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E(n) [cm2 s−2]

10−1 (6)
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Exp. 30

Exp. 31

(5)

10−2
10−3
−4

10

10−5
10−6
−7

10

100

zonal
total residual

101

100

n

101

100

101

Figure 3. Experimental zonal (EZ , thin line) and residual (ER , thick line)
spectra and their RMS ﬁttings to equations (5) and (6).

which deﬁnes the index n of the intersection. Table 1 gives the values of n for all
experiments.
Figure 3 presents the spectra for all
experiments and their RMS ﬁtting to
the expressions (5) and (6). The log-log
representation using n is approximately
correct because 𝛼mn ∝ n for both m = 0
and 1. The coeﬃcient is about 3 for
m = 0 and gently increases with m and
n. The ranges of the available wave numbers are short but marginally suﬃcient to
establish the slopes.

The values of CZ , about 0.2, appear 𝜖 -independent and close to that found in simulations of 𝛽 plane turbulence by Chekhlov et al. [1996]. It is noteworthy that the jets’ speeds are intimately related to the zonal
spectrum (5) and are thus 𝜖 -independent. A forcing-independent jet velocity was obtained in the experiments by Aubert et al. [2002]. Forcing-independence and low friction were singled out by Sukoriansky et
al. [2002] as the main factors responsible for high wind velocities on Neptune and other giant planets far
removed from the Sun. The residual spectra, on the other hand, reveal strong dependence on 𝜖 . The indexes
where EZ (n) and ER (n) intersect closely agree with equation (7). The corresponding scale, L̂ 𝛽 , marks the
threshold of spectral anisotropy. An analogous length scale in the spherical geometry was identiﬁed in
simulations by Huang et al. [2001] and in Cassini data for Jupiter by Galperin et al. [2014].
Figure 4 displays sample proﬁles of instantaneous azimuthal velocity, corresponding PV and respective
monotonized PV using the Thorpe’s sorting algorithm. Throughout the experiments, the jets are barotropically unstable according to the Charney-Stern criterion. The nonmonotonousness of PV increases with
increasing forcing due to growing turbulent overturns. On the other hand, PV monotonizing renders all
proﬁles stable.

r [cm]

r [cm]

The Thorpe’s algorithm enables quantiﬁcation of the eﬀect of turbulence. The sector under consideration
was persistently forced causing LM to experience strong ﬂuctuations. To obtain an overall characterization
of turbulent processes an averaging was required. Two diﬀerent averaging techniques were used: time
averaging of monotonized PV proﬁles over a single ray (the resulting RMS scale is denoted as LtM ) and sector
averaging of monotonized instantaneous PV proﬁles for a single moment
Velocity Uφ [cm s−1 ]
(this scale is denoted as LsM ). Table 1
−2
−1
0
1
shows that both scales, as well as the
26
fully time- and sector-averaged scale,
(a)
LM , are close to each other; they all are
22
well within one 𝜎M error. The relationship
18
between LM and L𝛽 , LM ≃ 4.5L𝛽 , appears
robust and is in the range of the ratio
14
∂q/∂r
between LT and LO . One infers that PV
Exp. 29
26
monotonizing using the Thorpe’s sorting
(b)
Exp. 30
algorithm produces a quasi-geostrophic
Exp. 31
22
analogue of the Thorpe scale. Note that
18
this algorithm diﬀers from the one used
Exp. 29
by Wood and McIntyre [2010] as it is
Exp. 30
14
∂q/∂r
Exp. 31
speciﬁcally designed to evaluate LM . Thus
1
2
3
4
produced PV does not lend itself to a
Potential Vorticity [cm−1 s−1]
straightforward inversion.
Figure 4. (top) Snapshots of the azimuthal velocity, U𝜙 (dashed lines),
and corresponding potential vorticity, q (solid lines). Proﬁles on the
𝜕q
𝜕q
left are 𝜕r . The vertical line corresponds to 𝜕r = 0. The instantaneous
velocity proﬁles are barotropically unstable most of the time. (bottom)
𝜕q
PV and 𝜕r proﬁles after monotonizing.
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eﬀective. We turned the working 90◦
window 45◦ west such that only one half
−2 −1 0 1
−2 −1 0 1
of the new sector was forced. Figure 5
26
22
compares time- and sector-averaged
18
Exp. 29
velocities and PV proﬁles over the origi14
∂q/∂r
∂q/∂r
Exp. 30
nal fully forced and the new half-forced
Exp. 31
26
sectors. For the former, persistent forcing
Exp. 29
22
maintains both the inverse cascade and
Exp. 30
18
Exp. 31
the barotropic instability. For the latter,
∂q/∂r
∂q/∂r
14
1 2 3 4
1 2 3 4
spatial averaging may portray the ﬂow
Potential Vorticity [cm−1 s−1]
as barotropically stable globally. Furthermore, multiple instantaneously unstable
Figure 5. (a, c) Spatial- and (b, d) temporal-averaged radial proﬁles of
over the unforced area PV proﬁles may
the azimuthal velocities (dashed lines) and associated PV (solid lines)
for fully forced (Figures 5a and 5b) and half-forced (Figures 5c and 5d)
appear stable if time averaged. Evidently,
experiments. For the latter, either the spatial or temporal averaging
averaging over the area with inhomomay render monotonic proﬁles and leave turbulence undetected. The
geneous forcing may leave the eﬀect of
𝜕q
left parts of the panels show 𝜕r .
turbulence undetected. It is apparent
that monotonizing multiple individual
PV proﬁles separated in time and space provides better diagnostics of turbulence and should be preferred
to the analysis of mean ﬁelds. In the case at hand, this approach yields somewhat smaller values of 𝜖 , L𝛽 and
LM than those over the fully forced sector but the ratio LM ∕L𝛽 remains around 4.
r [cm]

Velocity Uφ [cm s−1]

4. Conclusions and Discussion
The experimental results demonstrate that in turbulent ﬂows with a 𝛽 eﬀect and inverse energy cascade,
a scale LM , obtained by monotonizing meridional PV proﬁles yields a good estimate of the scale L𝛽 that is
uniquely related to the rate of the inverse cascade 𝜖 and thus can be used for its estimate from the data.
Monotonizing of only a limited number of reasonably instantaneous PV proﬁles separated in space and time
may suﬃce for evaluation of LM from observational data. In ﬂows with spatially inhomogeneous forcing,
this method is likely to provide an average measure of the forcing. This approach is particularly useful for
large-scale ﬂows where conventional evaluation of 𝜖 requires large amount of data to compute either fully
2-D spectra or energy transfer integrals [e.g., Arbic et al., 2014].
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Whereas LT ≃ LO yields a good approximation in many situations, the disparity between LM and L𝛽 points
to a distinction between LM and LT . While the Thorpe’s scale characterizes small scales, the scale LM pertains to large scales typical of barotropic instability. In this regard, LM relates small scales of the forcing
and anisotropic upscale energy cascade that maintains zonal ﬂows with the energy released by the zonal
ﬂows to large-scale eddies as a result of barotropic instability. Sukoriansky et al. [2012] showed that if a
small-scale forcing is a sole energy source for a quasi-2-D turbulence with a 𝛽 eﬀect, then the rate of the
energy exchange between a zonal ﬂow and large-scale eddies, W , is a time-dependent sign-changing function whose amplitude may exceed 𝜖 many folds. The time average of W , however, is close to 𝜖 . This feature
may be behind the constancy of the ratio between LM and L𝛽 .
Galperin et al. [2010, 2014] discussed the importance of the ratio between the characteristic large scale of
the ﬂow known as the Rhines scale, LR , and L̂ 𝛽 . This ratio, denoted the zonostrophy index, R𝛽 , determines various ﬂow regimes in turbulence with a 𝛽 eﬀect. It is possible that the ratios between LM and L𝛽 and between
|W| and 𝜖 depend on R𝛽 . An investigation of such a possibility requires much larger experimental facilities and could not be undertaken in this study. Nevertheless, the present results convincingly demonstrate
that the method of PV monotonizing oﬀers a simple and eﬀective tool for studies of macroturbulence in
atmospheric and oceanic ﬂows.
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